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A THEORETICAL INVESTIGATION OF THE 

POINT SOUBCE-SINK ENVELOPE IN THREE DIMENSIONS. 

Supcnary. 

An arbitral? streamline form represented by a 

solid of resolution was chosen.    Tue approximate theoret- 

ical source-aink combination «as determined from the solu- 

tion of thirteen linear equations*    The Telocity pressures 

due to this BOuroe sink combination were computed«    The 

resulting pressure distribution curve is of the form expected 

by experimen^^xojpt near the bo« and stern where the undue 

influence of tfce^eerby points makes the values unreliable. 

It is evident,  therefore,  that the method and equations are 

correct but for preaisvwork a larger number of sources and 

sinks should be determined.    UndoBbtedly the method of line 

sources an£ sinks used by von Kanaan gives the more reliable 

results for the same number of equations. 
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In 1912, Q9  Fitfi'rmann (reference 1) undertook the 

^£       theoretical study-of flow about a balloon nodel in three 

dimensions«, He ohose certain souroe-sink combinations 

that would give a separation surface in a uniform stream 

similar in.shape to; a Zeppelin. From these souroes and 

sinks he then determined the resulting streamline form and 

computed the pressure distribution» A solid of revolu- 

tion, coinciding with this streamline form was then con- 

structed and the experimental pressure distribution curves 

compared very favorably with the theoretically derived 

:   ;itt 1927, van tosman Cref«renee 2) undertook the 

iBöHsrä*, problem. Be assum«d the separation surface of a 

^^2^ and computed 

the strength and distribution of the line sources and sinks 

required to product this form in a uniform flow0 He divi- 
; dad the ?eppelin Into two parts whieh he oalled nhalf bod- 

ies" and treated; eacfc. half separately. Thus neither h°lf 

formed a oiosed curvti«^ He first found the sources neces- 

sary to produoaTtlve.forward hair of the ship m a uniform 

flow» ahd next fouind the siafcs required to produce the 

after half inthe same uniform stream. He then joined 

the ^o halves together with certain simplifying assump- 

' tions and, thus obtained a fairly simple determination of 

a se«ree-sl-'V distribution that would approximate the 

, required form« 

t 

/ 
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la X92?^ I)r* Er.H. Smith nade an Investigation 

of the source-» sink envelope approximating the U.S. Navy 

Ro* & Strut |reference 3}»   He used thirteen pcirts to 

determine toe streamline: form and set up the -flux equa- 

tions .twv thirteen p&etulated sources and sinks that 

would give the required separation surface in a uniform 

fi©*i    Sinoe the strut had a plane of symmetry parallel 

to %%'& IpnaOhthe problem «as redueed to one of two 

d^easlwsby and sinks running 

parallel tor it* length«   A solution of the equations 

Ä*** '£$,* ^ejise^ «treng$3ft» of'the specified source* 
'T^-.i • •••• '•' ••«"• '..t-V' -A ,.".''-••:•• ' '•'.,- •••.'•• 

v   ''•:•'.' •,•'•'      ••'• j':»ÄiA*f'- '•'•'! .-V-; •       . '.   • 
'•»n4-'-*Jö^«':S.4**»'th«'si» strengths, the resulting veloc- 

:•-•'•"' .:•"•".••• Ä:/|U V*  «•:•£•• :-".. '.'-•""- •'•    . ' "    ' 
itiee and v^ojfetty pressures «ere computed and they 

eoi^^eA- irery^favorably with the experüäentai values ob- 
• *-v\ j   '''••' ' - ' •'•  • •' - .••••:•' 

,.;/>''•*•. • •   "-'V     "    • •' -;''-      .-»•.•' .-.'-. 
tained £»©# ..tW. «aae; streamline. form* 

At Pr^'ISniitl^s suggeetion, I undertook the saia* 

type of tr^atmsat; in three, dimensions» It «ras desired 

to* determine the /source-sink combination required to 

.rjgodttd*:;aa a^iirary "»hole body1' in a unifowa flo*,' 
./*'- ^:-F :      - '   ."•-•":*'• ~: *•''•• f   -' ' ».•••:•:•' ' ;•.• 

rf/ i-'rnu assumptions as to the» relative location uf 

:-v^^sÄro«Ä attd »inks and •to the effects of joining 
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An arbitrary streamline form representing a 

scliä of revolution was chosen, (figure 1). 

The coordinates ara as follows; 

3? X T P X Y 

0 6 Ö 8 17«, 696 703ia 

1 «73? 2, 602 9 22*420 fc*656 '"••',. 

2 Xo475 •  3.4*4 3.0 26*644 6«, 634 '    >:v 

Z 2*94* &*376 il ^.987 '..*tW " 

4 4*424 6.408 ; • 12 $5«179 3„118 
'  -Ä; 

Si 5*8*9 7 •022 13 34,654 1,884     ;; 
*         .   ' 

i • 8.848 7,588- 14 35*390 
• ö • •• 

;•;" ; ;^ 

7 15.272 7*600 .,..*'• 

''•..r         • 

The -outward flow velocity due to a seufcoe of 

strength Q, at a radical distance r is, (referejioe {4) 

•  > VV,V^  : ;••'•• '  ';  •;. ' '     Q , ,; 

The flux or flow thru a given area is by defi- 

nition the surface integral of the Telocity vetitor 

over that area or flux    ±   1 y c&3(V K) A** 

IS,. . '       .•<« 
S&e flow from a simple aourc« thru a circle passing 

$£> thru a point P lying to the ri^it of the source iae 

v (reference 4), writing     y» - $!P + Jfz 
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and substituting in  (2) 

F= [V^*n^ i 

\[ 
\ 

* •      • m 
;''/S&ft-CLtix"4^to a parallel strea» of strength 

o   flawing.'.jhtatf-JLeffc •t*;Ä^'i'^^'-'th*'.'aai»r-.-^ü"oli 

is frcni (2) 

Ü 

(4) 

The tetal flux is, tJierofor«, 

The ganÄral .equation of a streamline is 

£V constant  .or .-<-.' 

The general equation of the envel,pai$is 

($1 

(6) 

(V) 
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The flux is defined by Stokes as equal to 2 Tf y 

$        where W   is the stream function, F^.,(7) then becomes 

for the envelop*, 

% 

(8) 

v Tfc« total streaia function at the point P due to 

th» contributions of many sources and sinks on the 

.•JB*äxiiji ft»4 the uniform stream    U0 flowing from left 

to riigkt in the positive direction of X is, 

X.silJQ)!« substitution shows that equation (9)  sat- 

isfies -^aface's-equation      V1'/' =• 0 

la oylln&elsai ©ooruinates, viz: 

V"7* 

•••v::--';;-.v-^   .. •..-..,:•..• dc) 

''.:•,*').;;'"'3&e'--.WBjÄ:itloä...or closure, l»e« the condition that 

liquid gh&ll iaot be «rested or destroyed within the stream- 

£ :.<QK=° (11) 

BSBHHSI 
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Equation  {9}  beccnes 

£ QK (i + cos eHr) = ZTl Ü. f 
or expressing the summation in terras of the individual 

sources and sinks,  where a source andfl. a corresponding 

point on the surface have the sane X coordinate,   (see 

figo  1), we have 

Q,(i + c«sa,.>+ QJ n cos eit) + •••* ^?n(i + cö5 enJ -ZTrü9<£ 
for the poinx i^,-auu &imilarly 

Q, (l +C05 0, jj - 0, 0 + C05 % J + • •   + G*0 + cos Onz)zZ7lU0 yz 

*»* 

(fl'J 

t _ 

and froa equation (11), 

The constants of the linear r-vstem of equations 

obtained when the coordinates of the given streamline 

form are substituted in the above equations are shown, 

reduced from seven to four decimal places, in Table 1. 

Var convenience, LI© is taken equal to unity. Thirteen 

points are chosen to determine the streamline form« 

The first twelve points give twelve equation« of the 
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type (9>V with thirteen unknown Q,«s„ The thirteenth 

peirt loeate» the position of the thirteenth s< ^rce 

or Sink»< ^ereauired thirteenth equation is ven 

by equation (11)* I<8* accuracy, all constants /ere 

<tor led to seven daneimal plaees thruout. 

Settling up tue eq*iations is Ions and tedious, 

but they oaii fce accurately checked.    Since in comput- 

ing the velocities it ia necessary to find the radius 

restore   OTcf     tram tfee Xtl1 source to the Pth point 

and also thesin 6KP    and the cos 0*p the following 

procedure was1 used.    First taE   0KP    was found   Tora 

SEhen v«,.=VÖ^-x^> 4,' 
«4M» &,,*£**       , ana ein     ft«.    =    -i^ ,£. 2   .—.gn , an4 sin 

Sit\6t<t e\ "-' ••' ''"--i *•* a tan t»^p     as a check.    Sir/ 

aeouraoy is Imperative,  this check is necessary. 

" >! "'.. • Ja-Wtiug the equations,  every precaution pos- 

sible mast-* $* taken against making errors,  as a single 

wVMtiit» hf any kin*  in fatale     It was found advisable 

'•to \'oktrfrttyhty^Q.complete sets of equations, u^Jng 

-one as a che&k...against the other.    The only additional 

time required is that of actually reoopying the equa- 

tions'an«! itF> is VeXl spent«,    these precautions are 

necessarysince there i3 no cheok on the accuracy of 
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the work until the final substitution of values  into the 

original equations  some vyeeks later. 

Tfce solution of the equations represented in Table  I 

give the following value s of Q: 

Qi = -3J.2.2466 

Cl£ z 292 o 67 61 

q3 e -543.7600 

04 r 723,4240 

<*5 e 137.7586 

^ s -406*8337 

<i7 s    275.4388 

Qe r -343*4136 

^5 r 258.6047 

q10 = -366.0412 

^11 - 474.4820 

QX2 - "758o9619 

q13 s 368.8703 

Sum r -       „Ü025 

These values ohec''   aocurateljr to five places and 

are less  than three points off in the sixth significant 

figure.    Figure 2 represents graphioally  the distribution 

and the relative strengt'. 3 of the  sources and sinks.    By 

definition a positive Q is a source and a negative one a 

sink.    We have then a di? tribution of seven eources and 

aix sinks*    It is rather  3ur^rising and not  in ac   >rdanoe 

with accepted theory to f   da sink at the nose and a 

source at the tail of the  streamline form.    However,   it Is 

to.be noticed that a large  source immediately follows the 

sink at tho böw and a laiyd sink immediately precedes the 

"ource at  the stern.     It  reem^ reasonable  to believe  that 

because of the bluntness  -f the nose of the ship a  sink 

/ 

tsivm 
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is necessary to bead the streamlines into the required 

boundary form« 

The velocity components at any point P> due to a 

given stream function are, from elementary theory, (ref- 

erences 4 & 5)» 

Lit 
U z    velocity in X direction s it   ~Ju 

V s velocity in Y direction - " u   T7 

and hence from equation (9) 

...  . M +-JL- 7  2_K—°- J e Kf 

V» = vrr L 
KP 

<?«   Sm  0*, 

(12) 

(13) 

(14) 

(15) 

» 

the resultant velocity is 

« = VuP* * vP
a' 

and the resultant pressure at P is     (reference 3) 

where P0 is the dynamic pressure £P U©    of the 

parallel stream when brought to rest,  and Fp  is in 

terms of P0 as a unit. 

(16) 

(17) 

/ 
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It can be seen fron equations (14) and (15), that the 

velocity components depenl upon the inverse square of the 

radiu3 rector instead of ;he first power as for two dimen- 

sions. This means that one souroe nearby will have much 

more influence upon the velocity at a point thac rany auoh 

souroes at a considerable distance. Consequently, we must 

have mope sources and sinks to obtain an accurate pressure 
.i 

distribution curve than in the corresponding problem in 

two dimensions«, 

Tabie II gives the values up, qp, and pp for the 

points choaan on the arbitrary streamline form0 

ü$ie values of the point pressures Pp are shown plot- 

ted along the axis of the solidArevolution in Figure 3. 

Beginning with the point 3 and extending to the point 9 or 

&0, the curve Is fairly smooth and of a contour whioh fits 

well with experience*    However^ at points 1 and 12 the pres- 

sures are far from correct;   the latter being -*4,4 when it 

should.be a positive quantity.    As pointed out beforer this 

result is because of the undue influence of the souroe? and 

sinks which are very close to thess points«    This is made 

even more emphatic for the point  (0,0)»   Hare the theoret- 

ical pressure should be  + 1 due to the stream U0 alone, yet 

when oomputefl. by formulae (14, 15, and 17), P0£ • 76*5. 

Table 3 has been arranged to show the influence of 
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the various sources end sinks upon the velocity components 

4fe       at each point on the separation surface. 

It seems, therefore, that to obtain a reliable pres- 

sure distribution curve by the above method over a three 

dimensional streamline form, one musi postulate a large 

number of point sources and sinks. The amount of labor 

involved in the solution of linear equations increases 

about as the square of the number of equations and soon 

becomes prohibitive. Probably a better plan is to use 

distributed sources and sinks as employed by von Karman, 

(referenoe 2) • 

He assumed liue sources and &lnks of equal length 

distributed along the asis of revolution of the solid 

streamline form« The velocity components become 

UV-= -0— fSm e"-5m e) 

w       o     (cose"- coi e'j 

where a, y, 0 and 6 have the meanings shown in Figure 4« 

Here the values of up, 7p# and hence q,p are dependant upon 

two radius vectors for each souroe or sink instead of one 

rhere the point source-sink method is used* It is evident 

that the greater number of radius veotors involved will 

give a much smoother velocity distribution ourve for the 

X 

/ 
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same number erf souroes and sinks, that is, for the same 

number of equations0 

A3 a test of the above assumptions and in order to 

obtain an experimental check on the pressure distribution 

ourve, 7. intend to carry out an investigation of the line 

source-sink combination required to approximate the stream- 

line form of the U. 5, Navy, C-class airship hull, when 

immersed in a uniform flow. Since a larger number of 

equations seems dssirable, it is intended to use not fewer 

than sixteen, eltho in soiag frpm thirteen to sixteen 

equations the amount of computation involved is nearly 

doubled« However, the C-class airship is of such perfect 

streamline form, and plays such an important part in 

lighter than air'ship design that the project seems to 

be decidedly worthwhile« 

M ~>4 .    lAJAwdü^iJfaA 1 

/ 
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Tablo   III 

Velocity Components due  to  e  oh sonroe 

T Hf 
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